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1 Introduction

Definition 1.1 (Autocovariance Function). Let {X;} be a stochastic process. The autocovariance
function is
vx(t,s) = cov(Xy, X5) = EX, Xy — EX,EX;.

Definition 1.2 (Stationarity). A stochastic process {X,} is called stationary if for all integers r, s
and 7

1. EX; = u is constant;

2. VX, < o0;

3. yx(t,s) =yx(t +r.s+r).

The autocorrelation function (ACF) is defined as

px (h)
px (0)

px (h) = = corr(X¢4n, Xt)

forallh € Z.

1.1 Construction of Stochastic Processes

The simplest building block is a process with zero autocorrelation called a white noise process.

1.1.1 White Noise
A stationary process {Z,} is called white noise if
e EZ, =0;
o2 h=0;
h#0

e yz(h) =

We denote this by Z; ~ WN(0,52). The white noise process is therefore stationary and tempo-
rally uncorrelated, i.e. the ACF is always equal to zero, except for & # 0 where it is equal to one.
As the ACF possesses no structure, it is impossible to draw inferences from past observations to its
future development, at least in a least square setting with linear forecasting functions. Therefore
one can say that a white noise process has no memory. If { Z,} is not only temporally uncorrelated,
but also i.i.d. then we write Z; ~ I1D(0,0?). If in addition Z; is normally distributed, then we
write Z; ~ IIN(0, 0?).



1.1.2 Moving-Average of Order One

The moving-average process of order one, MA(1) process, is
X, =Z,+0Z,_; withZ, ~WN(0,0c?).
We have EX,; = 0 and

yx( + h,t) = cov(Xiqn, Xy)
=cov(Zisp +0Zi1p—1,. 2+ 60Z;_1)
=FEZnZ: +OEZiinZiy + OEZiipn1Z + OPEZyin1Zi—
(1+6%0% h=0;
= 1002 h=+1;

0 otherwise.

The autocorrelation function (ACF) is

1 h=0;
px(h) =\ % h==L
0 otherwise.

Note that the correlation between X; and X;_; is restricted within %

1.1.3 Random Walk

Let {Z,;} be a white noise process. Then the process
t
X;=Zv+Zo+-+Zi=) Zj. 1>0
j=1
is called a random walk. In contrast to {Z,}, { X, } is only defined for ¢ > 0. The random walk can
alternatively be defined through the recursion
Xt:Xt—1+Zt7 Z‘>OandX0=O.

If in each time period a constant § is added such that X; = § + X;—; + Z;, then the process is
called a random walk with drift. The random walk process is not stationary, as V(X;) = ¢ - 02

depends on .



2 ARMA Models

Definition 2.1. A stochastic process {X;} is called an autoregressive moving-average process
(ARMA process) of order (p, q) if it is stationary and satisfies a linear stochastic difference equation
of the form

Xe—h Xech— o —0pXep=Z, +0Zs 1+ -+ 0,724

with Z; ~ WN(0,0?) and ¢,6, # 0. {X,} is called an ARMA(p, ¢) process with mean ;& of
{X — u} is an ARMA(p, q) process.

2.1 The Lag Operator

We use L to denote the Lag operator:
LX;, = X;_1.

We use the following to denote the autoregressive and moving-average polynomials:

(L) = 1—¢L—--—g,L?,
OL) = 1+6,L+---4+6,L7.

We write ARMA process as (L)X, = O(L)Z,.

2.2 Some Special Cases

2.2.1 MA(g) Process

The MA(q) process is
Z;=0L)Z, =600Z; + 01 Zs 1+ +0,Z,—4 Withfy =1and 6, # 0.
First and second moments: X, = 0 and
yx (h) = cov(Xeyn, X¢) = E(Xe4nXo)

—|h
0> Y1) 06y, Bl < g
0 |h| > gq.
Note that every MA(g) process is stationary irrespective of the parameters 60,,...,0,. Because

the correlation between X, and X is zero if ¢ and s are more than g periods apart, we call such

processes have short memory or short range dependence.



2.2.2 AR(1) Process
The AR(1) process is
X;=¢X,1+Z;, Z;,~WN(0,0%) and ¢ # 0.
If |¢| < 1 then substitute the formula for X, several times into the difference equation we get
Xe=¢@Xi 2+ Zi)+Z, =+
= Zi+¢Zia+ 0 Zia+ -+ 6 Zia + 6 X

If { X,} is stationary, then V¥ X, _j_ is constant and does not depend on k, so we have
k
V(X =Y ¢/Zij | = ¢*2VX,joy — Oask — oo,
j=0

This shows that Zf:o ¢; Z;_j converges in the mean square sense, and thus also in probability, to
X; as k — oo. Thus we can take

o0
Xe=2Zi+¢Zi1 + ¢2Zt—2 +oee = Z¢jzt—j
j=0

as a solution to the stochastic difference equation. The mean and autocovariance function are
EX, = 0and

o0 o0
yx(h) = covXein. X) =E (D> ¢/ Znj | [ D 8" Zi—s |- (1)
j=0 j=0
We match the terms in the first parenthesis and in the second parenthesis with equal subscripts. Let
t+h—j,=t—j, weget j; =h + j,. Thus the coefficients ¢"*/2 from the left and ¢/> from
the right will match. We have ¢! . $272 . 52 for every j», so yx (h) is

¢|h|

7 ¢202, heZ.

yx(h) = o?¢!" Y "¢ =
j=0
The autocorrelation function is px (h) = yx (h)/yx (0) = ¢!

2.3 Causality and Invertibility

Definition 2.2. An ARMA(p, q) process {X,;} with ®(L)X; = O(L)Z; is called causal with
respect to {Z,} if there exists a sequence {/; } with Z;’;O |j| < oo such that

o0
X =) ¥ Ziy =W)Z, withyr =1

Jj=0

where W(L) = Y72 ;L.



As we can observe, the coefficients {y; } is exactly the impulse response function.

Theorem 2.3. Let {X;} be an ARMA(p, q) process with ®(L)X; = ®(L)Z, and assume that the
polynomials ®(z) and ®(z) have no common root. Then {X,} is causal with respect to {Z, } if and
only if ®(z) # 0 for |z| < 1, i.e. all roots of the equation ®(z) = 0 lie outside the unit circle.

How do we calculate {y/;}? We expand W(z)®(z) = ©(z), namely
(Yo + Y1z +¥2z2 + - )1 — 1z —oz® — - — ¢pz?) = 1 + 012 + 02> + -+ + 0,29

to get
Vo —Yop1z —Yopaz? — - — YoppzP+
Y1z =Ygz — - = Yigpz? T+
Prz? — -
= Yo+ (Y1 — VYod1)z + (Y2 — Yot — V1¢1)z% + - --. We equate the coefficients from 1+ 6,z +
02z + -+ + 6,27 to get

Yo = 1,
Y1 = 601+ 1Yo =01 + ¢,
Vo = Or4 ¢avo + 1Y = O + o + 161 + @7

As an exercise, given the causal representation of an ARMA(2, 1) process, how do you recover the
coefficients {¢1, ¢, 01}? The equation is

(Vo + Y1z + Y2z> + - ) (1 — 1z — ¢p2%) = 1 + 6;z.

We have three unknowns so we need three equations. Multiply out:

O + 1 = Yn
Vi1 + Yoo = Y
Yo + Y1¢2 = Y3

And then we can solve for {¢1, ¢, 01}.

In time series analysis the realizations of {X,} are observed and {Z,} are unobserved. It is
therefore of interest to know whether it is possible to recover the unobserved shocks from the
observations { X;}. This leads to the concept of invertibility.

Definition 2.4. An ARMA(p, q) process for {X,} with ®(L)X; = O(L)Z, is called invertible

with respect to {Z, } if there exists a sequence {r;} with Z}io |7;| < oo such that

0
Z, = Zﬂth_j.
Jj=0

Theorem 2.5. {X,} is invertible with respect to {Z,} if and only if ®(z) # 0 for |z| < 1.
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2.4 Computation of the Autocovariance Function of an ARMA process

How to compute the autocovariance function yx (h) of an ARMA process { X;}?

2.4.1 First Procedure

We can write {X,} in terms of its causal representation X; = Z;io V¥ Z—;, and then calculate
yx (h) as in Eq. (1):

yx(h) = o® Z ViVt

j=0
2.4.2 Second Procedure
We can multiply the ARMA equation by X;_; and apply the expectation operator:

lEXtXt—h _¢1[EXt—1Xt—h _'”_¢p[EXt—pXt—h
= [EZlXt—h + QIIEZZ—IXZ—}I + et + eq[EZt_th_h.

This leads to an equation system

y(h) —dry(h=1) =+ = ¢py(h— p) =03 iy OiVj—n, h <max{p,q+ 1}
y(h) —ry(h—1) —---—dpy(h — p) =0, h > max{p,q + 1}.

The general solution of the difference equation is

y(h) = clzl_h 4+ 4 cpz;h
where zy, ..., z, are the distinct roots of the polynomial ®(z) =1 — ¢z —--- — ¢,z? = 0. Note
that the initial conditions ¥, ..., ¥, have to be determined beforehand.



3 Forecasting Stationary Process

The problem is: given the observations { X7, ..., X1}, how do we forecast X7 for h > 0?

3.1 The Theory of Linear Least-Squares Forecasts

We restrict ourselves to linear forecast functions, also called linear predictors, Py Xrp. It takes

the form
T

Pr X74+n = ao + a1 X7 + -+~ +arXy =ao + ZaiXT+1—i~
i=1
We determine the coefficients by minimizing the mean squared errors:
aomilclzr S = S(ag,....ar) = E(X74n — [PXT+h)2 = E(X74n —ao —a1 X7 — - _aTXl)z-

The first order conditions are

39S d
—=1[r (XT+h_ao_ZaiXT+1—i) =0, (2)

da
0 i=1

T

05 .
% = [ [(XT+I’Z —do _ZanT+1_i) XT+1—j} = O’ ] = 1,...,T. (3)

i=1
The first equation says that the mean of the forecast error E(X745 — PX74p) is zero. There is no
bias, neither upward nor downward, in the forecasts. The second equation says that E[(X74+, —
PrXr4+n)Xr4+1-;] =0for j =1,...,T. The forecast error is orthogonal (uncorrelated) with the
available information represented by the past observations. Geometrically speaking, the best linear
forecast is obtained by finding the point in the linear subspace spanned by {Xr, ..., X;} which is

closest to X745. The normal equations can be rewritten in matrix notation as

T
ag = | (1 — Za,-) where n = E X, 4)
i=1

y(0) v - (T =D\ [a y(h)
y(1) y©@ e y@T =2 la| | vt ]D )
yar—-1n yT-2) - y(0) ar y(h+T—1)
Let: = (1,1,...,1),ar = (ay,...,ar), yr(h) = (y(h),...,y(h+ T —1)),and I'r = [y(i —
J)i.j=1,...r denote the symmetric 7 x T covariance matrix of (X, ..., X1)’, the normal equations
can be written as
ap = (1l —lar) (6)
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Irar = yr(h). (7)
Dividing the second equation by y(0), one obtain
Rrar = pr(h), (®)

where Ry = I'r7/y(0) and p(h) = (p(h),...,p(h + T — 1))’. The coefficients a7 is obtained by
inverting I'r or Rr:
a

ar =| i | =T7'yr(h) = R: pr(h).
ar
A sufficient condition that ensures invertibility of I'z and Rz is y(0) > 0 and limj—, Y (h) = 0.

The mean squared error or variance of the forecast error is

vr(h) = E(X74n — PrXr44))?

= y(0) —azyr(h).

3.1.1 Forecasting AR(p) Process
For AR(1) process, Eq. (5) yields (remember y(h) = ¢™)

ar = (a1.4s,...,ar) = (¢",0,...,0).

We therefore get the following predictor:

PrXrin = ¢"Xr.

For example, for 1 = 1, the forecast is ¢ X7, for h = 2, the forecast is ¢(¢pX7) = ¢> X7 etc. The
variance of the forecast error is given by

1 — ¢2h )

UT(h) = 1_—¢20' .

1
1-¢2
For AR(p) process,it can be shown that the one-step ahead forecast is

For h = 1 this is simply o2, and as h — oo, v (h) — o2, the unconditional variance of X;.

PrXri1 =i Xt + 2 Xr1 + -+ PpX741-p, T > p.

The forecast for 4 > 1 can be obtained by recursively applying the forecast operator. For example,

the two-step ahead forecast is

PrXri2 = Pr(¢1 X741) + Pr(¢aX7) + - 4+ Pr(dpX142-p) + Pr(Zr42)
=P (1 X7+ P X1+ + G Xr1-p) + 2 X7+ + P X710
= (¢7 + 9D X7 + (p1h2 + P3) X7y + -+ + (D1¢p—1 + p) XT12-p + (D10p) X711
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3.1.2 Forecasting with MA(g) Process

Forecasting with MA(g) process is more complicated. For example, for an MA(1) process X; =
Z;+0Z,_, with |0| < 1 and Z; ~ WN(0, 0?), the one-step ahead forecast Pr X7 ; will depends
on all available information X7, X7_1,..., X; (namely ay,...,ar are generally non-zero). In
contrast, the forecast for AR(p) model only depends on the first p observations. The coefficients
of the forecast ar = (ay,...,ar) are also constant, while for the MA(g) process the forecast
coefficients can change when new information arrives.

As more information becomes available, the variance of the forecast error declines monoton-

ically. In the & = 1 case it will converge to o

. To see this, note the forecast is Pr X74+; =
PrZr41 + 0PrZy = OPrZy. The forecast error is Z7 ;. As more and more observation be-
comes available, it becomes more and more possible to recover the “true” value of the unobserved
Z 7 from the observations X7, X7_1, ..., X;. As the process is invertible, in the limit it is possible
to recover the value of Z7 exactly. The only uncertainty remaining is with respect to Z74; which

has a mean of zero and a variance of 2.

3.2 Partial Autocorrelation Function

Recall that in our prediction problem we predict X7 as a linear combination of pastdata Xz, ..., X;:
Xt =PrXrn+Zrpin=aXr+ ... +arXi +Zr

where Z71 denote the forecast error. We can view this as a regression equation: a7 is how much
X contributes to the forecast of X7 after controlling for X7, ..., X,. We refer to ar as the
partial autocorrelation. In AR(p) process the information useful for forecasting X74+1(T > p)
is incorporated in the last p observations so that ar = 0. In MA process, every new observation
contributes to the recovering of the Z,’s. Thus the partial autocorrelation ar is not zero. Taking T’
successively to 0, 1, 2, etc, we get the partial autocorrelation function (PACF).

Definition 3.1 (First Definition). The partial autocorrelation function (PACF) «(h) of a stationary

process is defined as
a(0) = 1
ath) = ap, h=12,...

where aj, denotes the last elements of the vector oy, = I')° () = R;l pn(1).

Definition 3.2 (Second Definition). The partial autocorrelation function (PACF) a(h) of a station-

ary process is defined as

a(0) = 1
a(l) = corr(Xz, X1) = p(1)
a(h) = corr[Xpt1 — P(Xp41ll, Xa, .., Xp), X1 — P(X1 |1, Xo, .0, X0

11



3.2.1 Autoregressive Process

The idea of the PACF can be well illustrated in the case of an AR(1) process X; = ¢ X1+ Z;. X;
and X;_, are correlated with each other despite the fact that there is no direct relationship between
the two. The correlation is obtained “indirectly” because X, is correlated with X,_; which is itself
correlated with X;_,. Because both correlation are equal to ¢, the correlation between X; and
X,_5 is equal to ¢(2) = ¢>. The ACF therefore accounts for all correlation, including the indirect
ones. The partial autocorrelation on the other hand only accounts for the direct relationships. In
the case of the AR(1) process, there is only an indirect relation between X, and X;_pfor h > 2,
thus the PACF is zero.
Definition 3.1 implies that for an AR(1) process

ap = ¢ = a(l) = p(1) = ¢,
a=(0.0" = a2)=0,
a3 = (¢,0,0) = «a3)=0.

The PACF for an AR(1) process is therefore equal to zero for 4 > 2. In general, the PACF for a
causal AR(p) process is equal to zero for & > p.
3.2.2 Moving-Average Process
Consider the case of an invertible MA process. We have
o0 o0
Zt:ZT[th_j = Xt:—Zﬂth_]+Zt
j=0 j=1

X, is therefore directly correlated with each X;_5,h = 1,2, .... Consequently, the PACF is never
exactly equal to zero, but converges exponentially to zero. This convergence can be monotonic or
oscillating.

12



4 Estimation of Mean and ACF

4.1 Estimation of Mean

The estimation is !
Xr = T(Xl +--+ X7).

Theorem 4.1 (Convergence). Suppose {X,} is stationary with mean u and ACF y (%), then

VXr =EX7—pn)?—0, if y(T) — 0;
TVXr =TEXr—p)?— Y y(. if Y |[y()|<oo
h=—00 h=—00

as T — oc.
Theorem 4.2 (Asymptotic Distribution of Sample Mean). For any stationary process {X,} given
by

o0
X;=p+ Y ¥;Zij. Z~I1ID(0.0%

j=—00

such that Z;‘;_oo |¥;| < oo and Z;‘;_oo ¥ # 0, the average X r is asymptotically normal:

VT (X1 —p) »N (o, >, y(h))

h=—o00
2

=N|0.0%| > v = N(0,02¥(1)?).
Jj=—00
4.2 Estimation of the Autocovariance and Autocorrelation Function

The estimation is
T—h

P = 1 3 (X, — Xr)(Xren — K1) ©)
)
P = 5o (10)

Theorem 4.3 (Asymptotic Distribution of Autocorrelations). For any stationary process {X;}
given by

o0
X;=p+ Y ¥;Zij. Z~I1ID(0.0%

j=—00
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such that ) 72 |y;| <ooand Y 72 jl¥l* < oo,

p(1) p(1) W
T
p(h) p(h)

where W = (wjj);, j=1,..,» is given by

.....

o0

wi; = ) _[plk + ) + plk —i) = 2p(D) p()[p(k + j) + p(k — j) = 2p(j)p(k)).
k=1

When {X,} is a white noise process, p(h) = O for |h| > 0, and Theorem 4.3 implies that W is
the identity matrix I,. The asymptotic distribution of ~/7 p(/) converges to the standard normal
distribution N (0, 1). This implies that for large 7' we can approximate the distribution of p(h) by
a normal distribution with mean zero and variance 1/7. This allows the construction of a 95%
confidence interval assuming that the true process is a white noise. This confidence interval is
therefore given by +1.967 /2. For T = 100 this is 4-0.196.

Instead of examining each correlation coefficient separately, we can test the joint hypothesis
that all correlation coefficients up to order N are simultaneously equal to zero, i.e. p(1) = p(2) =
.-. = p(N) = 0. As each /T p(h) has an asymptotic standard normal distribution, the sum of the
squared autocorrelation coefficients is y? distributed with N degrees of freedom. This test statistic

is called Box-Pierce statistic:
N
Q=T> p’(h)y ~ xx
h=1

A refinement of the test is Ljung-Box Statistic:

N o0
Q':T(T+2)Z$£Z ~ 2.
h=1

This statistic gives more weights to smaller 4 and less weights to higher %, as for higher 4 the

number of observations used to calculate p(h) is small. We reject the null hypothesis that all

correlation coefficients are jointly equal to zero if the statistic is very large (p-value very small).
When {X;} is a MA(q) process or an AR(p) process, confidence intervals can be constructed

in a similar fashion according to Theorem 4.3.

4.3 Estimation of the Partial Autocorrelation Function

According to Definition 3.1 o and consequently aj can be estimated by &, = f,jl)?h(l) =
/Ié}jlﬁh(l). Since p(h) is asymptotically normally distributed, we have that &, is also asymptoti-

cally normal. In particular for AR(p) process

VTa(h) ~ N(,1) forT — ooand h > p.

14



The result allows us to construct confidence intervals for the estimated partial autocorrelation co-

efficients.

4.4 Estimation of the Long-Run Variance

The long-run variance J is

J=) v =y +2) y(h) =y (1 + ZZp(h)) :
h=o00

h=1 h=1

A first naive estimate of J is 77 defined as
T—1
Tr="3 9.
h=—T+1

However, estimates of higher order autocovariances are based on smaller samples, so their esti-
mates become less reliable. We can see only a certain number £7 of autocovariances and/or use a

weighted sum:

R R . P
Jr=J7rl7) = —— kl— |7
T (1) T_rhz;H (ET)V( )

where k is a kernel function. The kernel functions are required to have the following properties:

1. kK : R — [—1, 1] is continuous except for a finite number of points. In particular k should be

continuous at x = 0.
2. k|2 = f[R k?(x)dx < oo.
3. k(0) =1.

4. k is symmetric, i.e. k(x) = k(—x) forall x € R.

See Fig. 1 for common kernel functions'.

IFrom the textbook.
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5 Estimation of ARMA Models

In this section, we talk about the issue of estimating the coefficients of ARMA models from data.
We show that for AR(p) models we can use the Yule-Walker estimation or the OLS estimation,
while for the general ARMA models we have to resort to Maximum Likelihood estimation.

5.1 The Yule-Walker Estimator

For AR models, we can use the estimated autocovariance functions to solve for the coefficients:

for

Xt - ¢1Xt—1 -t ¢pXt—p = Zt,
multiply it by X, X;_;,..., X;—, and taking expectations respectively lead to the following sys-
tem of linear equations for ® = (¢y,...,¢,) and 0%

y(0) —dry(1) = —¢py(p) = o>
y(1) —g1y(0) —---—¢py(p—1) = 0

y(p)—gry(p—1) —---=¢,y(0) = 0.

This equation system is known as the Yule-Walker equations. 1f can be written in matrix algebra as

y(0) = @'y, (1) = 02,

y(0) y() - y(p=1)\ (¢ y(1)
y(1) y© - y(p=2)|| ¢ _ y(2)
yip—=1) y(p—=2) --- y(0) ®p y(p)

or
y(0) — 'y, (1) = o7,
r,o Yp(1).

The estimator is

)
Il

To19,(1) = Ry pu(1),

= 7(0) — @y, (1).
Theorem 5.1 (Asymptotic Normality of Yule-Walker Estimator). Let {X,;} be an AR(p) process
which is causal with respect to {Z;} ~ 11D(0,0?). The Yule-Walker estimator is consistent and

D is asymptotically normal:
VT (B = @) w N (0.0°T;").
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In addition we have

~ p
0'2 — 0'2.

For an AR(1) process, namely p = 1, we have I'; = y(0), y1(1) = y(1), and the equation
simplifies to y(0)¢ = y(1). The estimator for ¢ is ¢ = 7(1)/7(0) = p(1). The asymptotic
distribution is

R 2
«/T(qs—qs) «»N(O,%) — N0, 1 — ¢?).

(Recall that y(0) is 02 /(1 — ¢?))
We mention that the Yule-Walker estimator is not suitable for the MA process, since it is no

longer consistent and the system of equations is no longer linear.

5.2 OLS Estimation of AR(p) Model
We can view the AR model as a regression model:

Xe=p1 Xen+- -+ GpXe—p + Z4, Z, ~ WN(0,c?).

Given the data {X;, ..., X7}, we can write out the equation for each X, 14, ..., Xr:
Xp+1 Xp Xp—l X1 ¢1 Zp+1
Xp+2 . Xp-H Xp XZ ¢2 4 Zp+2
X7 Xty Xr—2 - X7r—p) \@Pp Zr
or
Y=Xd+ Z.

The solution is given by

D= (X'X)"'(X'Y).
The standard orthogonality assumption between regressors and error is violated. Thus the OLS
estimator is not unbiased in finite samples, although /7 (5 — CID) is asymptotically normal:

Theorem 5.2. Under the same assumptions as in Theorem 5.1, the OLS estimator is asymptotically
distributed as
JT (6 - c1>) ws N(0,6°T; 1),
and
57 L o2
where s% =277 /T and Z ¢ 1s the OLS residual.

In practice, oI, is approximated by s7.(X'X/T)~"'. Thus for large T, ® can be viewed as
being normally distributed as N(®P, s7(X’X)™"). This result allows the application of the usual ¢
and F tests.
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5.3 Maximum Likelihood Estimation of ARMA(p, g) Model

We can not use the OLS estimation directly in case of ARMA(p, g) models, since the MA part
Zi—,...,Z;—q4 are not directly observable. Instead, we resort to maximum likelihood estimate.
To do that, it is necessary to assume a likelihood function of the data. We assume that the data
(X1,...,X7) is distributed as a multivariate normal with mean zero and variance I'z. The pa-
rameters are f = (¢1,...,¢p.01,....0,) and 02. The Gaussian likelihood function is given
by

1
L7 (B,0%|x7) = (271)_T/2(det )~ '/2 exp (—Ex’TF;IxT)

where x7 = (xi,...,xr) is the observed data. We can then choose 8 and o2 to maximize the

likelihood function.

Theorem 5.3. If {X,} is an ARMA(p, g) process with true parameters 8 and Z; ~ I1D(0,0?)

then the maximum-likelihood estimator has asymptotically normal distribution:
VT (Bus —B) = NO.V(B)).

The asymptotic covariance matrix V(f) is given by

-1
EU. U/ EU,V/

Ve =\, o coor]
EU V] EV,V

U; 1s (Ug, ..., Ui—pt+1) and Vi is (v, ..., V,—g41) Where {u,} and {v,} denote autoregressive pro-
cesses defined as ®(L)u; = w, and O(L)v, = w, with w, ~ WN(0, 1).

5.4 Estimation of the Orders p and ¢

Three criteria: Akaike information criterion (AIC), the Bayesian information criterion (BIC), and

the Hannan-Quinn information criterion (HQ criterion):

. 2
AIC(p.q) =Iné),+ (p + 97

. InT
BIC(p.q) =Iné),+ (p + 90—

2In(In(T))

T
where 85’(1 is the variance of the residuals from an estimate of ARMA(p, ¢). One chooses p and
q so as to minimize the criteria. We have AIC < HQC < BIC for T > 16, so AIC delivers the
largest models, while BIC delivers the smallest models.

HQC(p.q) =Iné&), +(p+q)
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5.5 Modeling a Stochastic Process

e Step 1: Transformations to achieve stationarity:

— Take differences: Y, = (1 — L)¢X,. If {Y,} is stationary then {X,} is said to be
integrated of order d, and we write X, ~ I(d). If {¥,;} is ARMA(p, g) then we call
{X:} ARIMA(p, d, q) process.

— Seasonal difference: in the case of quarterly observations ¥; = (1 — L*)X,. Since
1—L*= (1-L)(1 + L+ L2+ L3), this transformation can also account for the trend.

— Filters.

e Step 2: Finding the Orders p and g: We can either analyze ACF and PACF, or use the
information criteria.

e Step 3: Checking Plausibility: After having identified a particular model, we can check:

(1) Are the residuals white noise? This can be checked by investigating the ACF of the
residuals or by applying the Ljung-Box test. If they are not this means that the model
failed to capture all the dynamics in the data.

(i1) Are the parameters plausible?
(i11) Are the parameters constant over time? Are there structural breaks?

(iv) Does the model deliver sensible forecasts? It is useful to investigate the out-of-sample
forecast performance.
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6 Integrated Processes

6.1 Definition and Properties

o Trend-stationary process:
N

linear trend

e Difference-stationary process:

Definition 6.1. The stochastic process { X} is called integrated of order one or difference-
stationary, denoted as X; ~ I(1),if AX; = X; — X;—1 can be represented as

AX, =(1-L)X, =8 +W¥(L)Z,, W()#£0

with {Z,} ~ WN(0,02) and 352 j || < o0.

6.1.1 Long-Run Forecast

For the trend-stationary process, the least-squares forecast given the infinite past is
PoXon =+ 8 +0) +VnZi+ Y1 Zioy + -+

We have -

lim € (F, X4 —a =8t +h))* = ozhlirgoj;) Y2, =0

h—o0

Thus the long-run forecast is the linear trend. Even if X; deviates temporarily from the trend line,
it is assumed to return to it.

The forecast for the difference-stationary process is
PiAXiih =8+ VnZi + Ynr1 Ziy + -
The level of X, is
Xevh = (Xewn — Xewn—1) + Xepn—1 — Xegn—2) + -+ (Xi41 — Xo) + X,

so that
PiXisn=PAXin +PiAX py 4+ P, AX 4y + X,

= X+ 8h+ (Un -+ VO Ze + Wnr o+ V) Zoo + o

This shows that the intercept of the long-run forecast X, is no longer a fixed number, but is stochas-
tic. For a random walk with drift { X,}, the best forecast for X, is P; X; 4+, = 6h + X;.

21



6.1.2 Variance of Forecast Error
For trend-stationary process the forecast error is
Xitn _ﬁlXt-i-h =Zish+ViZigp—1 + -+ YnaZiga.
The variance is
~ 2
E(Xeon—PiXegn) =+ Y7+ + 7)o’

For i — oo this converges to 0 ) 7 %7 < oo. This is nothing more than the unconditional
variance of X;.

It can be shown that for the integrated process the variance is
~ 2
E(Xen—PeXewn) = [1+ 0 +v0)* ++ A+ Y1+ + ¥n-1)?]0?

which goes to infinity as 7 — oo.

6.1.3 Impulse Response Function

For the trend-stationary process

P, X, 1h

5z, =Y, —>0 as h — oo.

The effect of a shock thus declines with time and dies out. Shocks have therefore only transitory or
temporary effects. In the case of an ARMA process the effect declines exponentially. In the case

of integrated process _
0P X¢yn
0Z;

As h — oo, this converges to Z}’io V¥, = W(1) # 0. Thus a shock will have a long-run or

=1+vyi1+v2+-+ ¥

permanent effect. This long-run effect is called persistence. If {AX;} is an ARMA process then

the persistence is

w(l) = %.

6.1.4 The Beveridge-Nelson Decomposition

Theorem 6.2 (Beveridge-Nelson Decomposition). Every integrated process {X,} can be decom-
posed as
t
X, =Xo+8t+W(1)Y Z;+W(L)Zo— V(L)Z,.
—— =

~———
random walk

linear trend stationary component
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Proof. First observe that

WL) -V =0+ y9iL+ vl 4+ ) =0+ ¥+ Y+ )
=y 1L—D+ (L2 —1) + -
= L—DY1+¥2L+ D+ ysL*+ L+ 1) 4]
=L-D[W1+V2+-)+ @2+ Vs+-- )L+ s+ Ya+-- L2 4 -],

Thus we have W(L) = W(1) + (L — )W(L) where $(L) = 352 ¥, L7 with §; = 352 | .
We can then express X; as

t
X, =Xo+ ) AX;

j=1

= X, + Z 8+ w1+ @L-D¥WL)]Z;)

j=1

=Xo+8+W(1)Y Zi+ Y L-DHU(L)Z;

j=1 j=1

t
=Xo+8+W(1)Y Z;+W(L)Zo — V(L)Z,.
N——

linear trend J=1 stationary component
D e —

random walk

To prove the last component is stationary, we need to show Z —0 |1ﬂ j| < oco. Indeed

i jl < oo = Z Zw,sZZ|w,|—Zj|w,|<oo

j=0 Jj=0|i=j+1 J=0i=j+1

where the last inequality follows from Definition 6.1. 0

Note that the coefficient of the random walk component, W (1), is the persistence. In macroeco-
nomics aggregate supply shocks are ascribed to have a long-run effect as they affect productivity.
In contrast monetary or demand shocks are viewed to have temporary effects only. Thus the per-

sistence W(1) can be interpreted as a measure for the importance of supply shocks.

6.2 Unit-Root Tests
For an AR(1) model X, = ¢ X, + Z,, if |p| < 1, then
VT (r— @) = NO.1-¢?).
If ¢ = 1, then
r (QZ;T - ¢) V>V
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where v is the Dickey-Fuller distribution. To determine whether ¢ = 1, we use the Dickey-Fuller
regression
X, = deterministic variables + ¢ X;_; + Z;.

An alternatively and numerically equivalent regression is
A X; = deterministic variables + fX;—1 + Z;
where B = ¢ — 1. The tests are
Hy:p=1 vs. —-1<o¢<l1

or
Hy:=0 vs. —-2<pB<0.

The test statistic can be T (@T — 1) but a much more common choice is
t = (¢r — 1)/0y.

This statistic is also not asymptotically normally distributed, and its distribution can be found in

time series textbooks. If we control for lagged differenced in the regression, as in
X; = deterministic variables + ¢.X;—; + V1AX;—1 + -+ Vp1AXi—pt1 + Z;

then the test is the called the augmented Dickey-Fuller test (ADF-test). This autoregressive cor-
rection does not change the asymptotic distribution of the test statistic, so that the same table can

be used. The y;’s are asymptotically normal.
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7 Definition and Stationarity
We view X; as (X1, ..., Xn,)". The first two moments: EX,; = u, and

yu(t,s) - yia(t,s)
I',s)= :

Y1, 8) -+ Van(t,s)

where y;;(t,5) = E(Xi; — i )(Xjs — Mjs). 1,j = 1,...,n. Stationarity as the invariance in
the first two moments to time shifts:

Definition 7.1. A multivariate stochastic process { X} is stationary if

1. EX, is constant;
2. EX;X; < o0
3.T@,s) =T +r,s+r).

We define the correlation matrix R(h) = (p;;(h)) as

Yij (h)
pij(h) = ————ee.
V Vi (0)y;;(0)
The correlation matrix can be written as

R(h) = V72T (V12

where V' is a diagonal matrix with diagonal elements y;;(0). Clearly the diagonal of R(h) is 1.
Note that in general p;;j(h) # p;;(h) for h # 0, and it is possible that p;; (h) > p;;(0). Taking the
following as an example:

X = Z,

Xy = Z,+0.75Z;»

1 1 00
with Z;, ~ WN(0,1). We have EX; = 0 and I'(0) = ), ra) = ( ), and

1 1.5625 0 0
0 0 1 0.8 00

re) = . The correlation function is R(0) = , R(1) = , and
0.75 0.75 0.8 1 0 0

0 0
R@) = (0.60 0.48)'
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Definition 7.2. A stochastic process {Z,} is called multivariate white noise process with mean

zero and covariance matrix X > 0, denoted by Z, ~ WN(0, X), if it is stationary, EZ, = 0, and

> h=0;
0 h#O.

T (h) =

If {Z,} isi.i.d. then we write Z, ~ I1D(0, X).

o 0
0, so that it is not white noise according to our definition, even if each component is a white noise

0 0
Note that for the process Z; = (u,u,—1), where u, ~ WN(0,02), we have I'(1) = ( ) #

process.
Taking moving averages of a white noise process it is possible to generate new stationary

processes. This leads to the definition of a linear process.

Definition 7.3. A stochastic process { X} is called linear if

where Z; ~ I1D(0, ) and Z}’i_oo ||| < oo. If ¥; = O forall j < O then it is called an
VMA (00) process.
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8 Estimation of Mean and Covariance Function

The estimation of meanis i = X7 = %(Xl + .-+ Xr) = (X1,...,X,) . The estimation is
unbiased and consistent:

Theorem 8.1. As T — oc:
EXr—pn)(Xr—p) =0 ify;(T)—Oforalll <i <n

and

TEXr — ) Xr—w) = Y. > iilh)

i=1 h=—00

if Y po o vii(h) <ocoforalll <i <n.
The estimator is also asymptotically normally distributed:

Theorem 8.2. For any stationary process { X}

oo
Xi=pn+ Z V,Z;_;

J=—00

with Z, ~ I1D(0, %) and Y22 ___ ||¥;| < oo, the average X r is asymptotically normal:

VT (X1 — 1) »N (o, i F(h))

h=—o00

=N |o. i\pj = > v

j==o0 j=—00

= N, ¥(1)XZW¥(1)).
For the estimation of the covariance matrix

> ZtT=_1h(Xt+h —~Xr)(X;—X7), 0<h<T-—1

T(hy=1"
I'(=h), —-T+1<h<0.

The estimator of the correlation function is R(h) = V=12 (h)V~1/2 where V'/2 = diag(y/711(0). . . . . v/Pun(0)

The estimator converges in probability to the true covariance matrix I' (%), and /T (f (h) —T'(h)
is asymptotically normally distributed.
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Theorem 8.3. Let { X, } be a stationary process with

oo
Xe=p+ ) YZ,

j=—00

with Z, ~ I1D(0, %), %% __ W, ]| < oo, and 3.°°___ W, £ 0. Then for each /, T'(k) con-

j=—00 j=—00
verges in probability to I"(h):
Th) 2 r@).

As in the univariate case, we can define the long-run covariance matrix J as

J = i T'(h).
h=—00

We can again consider the estimator

. T—-1 h .
(= > k(E) T (h).

h=-—T+1

29



9 VARMA Process

Definition 9.1. A multivariate stochastic process {X,} is a vector autoregressive moving-average
process of order (p, g), denoted as VARMA(p, q), if it is stationary and

X =01 Xy — — CI)p)(t—p =721 +61Zi1+---+ ®th—q

where &, # 0, ®, # 0,and Z;, ~ WN(0, ). {X,} is called a VARMA(p, q) process with mean
wif {X; — u}is a VARMA(p, q) process.

We write

where ®(L) =, - ®,L—---—P,L? and O(L) = [, + ®L +--- 4+ ®4,L7. Note that (L) is an
n X n matrix whose elements are lag polynomials. Similarly ®(L) is also an n x n matrix whose

elements are lag polynomials.

9.1 The VAR(]1) process
We now have a closer look at the VAR(1) process, i.e.
Xt :q)Xt_1+Zt Wlth Z[’\-’WN(O, E)

We assume all eigenvalues of the matrix ® are absolutely strictly smaller than one. As the eigen-
values correspond to the inverses of the roots of the characteristic polynomial det(/,, — ®z), this
assumption implies that all roots lie outside the unit circle, i.e. det(l, — ®z) # 0 forall z € €

with |z| < 1. It can be shown that the solution to the difference equation is

X, =Z+®Z, 1 +P%*Z, 5+ = Zcij,_j.
j=0

9.2 Causal Representation

Note that the causal representation is with respect to a general VARMA(p, ¢) process that can

include MA terms.

Definition 9.2. A VARMA(p, q) process {X;} with ®(L)X, = ©O(L)Z,; is called causal with
respect to {Z,} if and only if there exists a sequence of absolutely summable matrices {V;}. i.e.
> 720 1|l < oo such that

o0
X =) W;Z_;
j=0
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Theorem 9.3. Let { X} ne a VARMA(p, q) process with ®(L)X; = ©(L)Z, and assume that
det®(z) #0 forall z € € with |z| < 1.

Then the stochastic difference equation has exactly one stationary solution with causal representa-

tion

oo
Xi = Z ViZi—j,
Jj=0
where {¥;} is determined by the identity
P(z2)¥(z) = O(2).

Below, however, we focus on VAR processes.

9.3 Computation of the Covariance Function

Let’s first consider a VAR(1) process
X, =0X, + Z;, Z, ~WN(O,X).
We multiply the above equation by X and then X,_, to obtain
E(X.X;) =T(0) = PE(X,—1X,) + E(Z,X]) = OT(-1) + X,
E(X:X,_,) =T(h) =QEX,—1X,_,) + E(Z:X,_,) = T (h — 1).
Knowing I'(0) and ®, the I"(h) can be computed recursively as
I'(h) = ®"T(0).

We can solve for I'(0) from the first equation as follows: note that I'(—1) = I'(1)’ = (®I'(0)) =
['(0)®’, and so
o) =oroe + x.
We have
vecI'(0) = vec(PI'(0)D') + vecE = (P ® P)vecl'(0) + vecX,
and so

vecT'(0) = (I, — ® @ ) lvecX.

The covariance function of a causal VAR(p) process can be calculated by first transform the pro-

cess into the companion form as a VAR(1) process and then applies the procedure above.
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10 Estimation of VAR Models

10.1 OLS Estimation

The estimation is complicated so we just state the main results here. Notation: we suppose we
have T + p observations witht = 7,7 —1,...,0,...,—p+1. Andwe write Y = (Xy,..., X7),
¢ =(Py,....9,), Z=(Zy,....,Z7) and

XI,O Xn,O Xl,—p—H Xn,—p—l—l
Xl,l Xn,l Xl,—p+2 Xn,—p+2

X = . , . , : , : ;
Xl,T—l Xn,T—l Xl,T—p Xn,T—p

namely the first row runs from 0 to —p + 1, the second row runs from 1 to —p + 2, and so on, till
the last row that runs from 7" — 1 to 7" — p. The OLS estimator is

(vec®)ors = (X'X)™'X') ® I,)vecY

or
d=YXX'X)"

Theorem 10.1 (Asymptotic Distribution of OLS Estimator). We have
o5 0
and
JT (Veca — vec@) ~w N (0, I‘p_l ® E)
where ', = plim%(X/X).

In order to make use of this result in practice, we replace I', by its estimate fp = X'X/T and
replace X by its estimate & = ZZ'/T = (Y — ®X')(Y — ®X')/T.

10.2 Yule-Walker Estimation

We can again use the Yule-Walker estimation for VAR models. Consider first a VAR(1) model. In
this case the Yule-Walker equation is simply

ro) = or-1)+x
(1) = ®r)
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or
ro) = ero)d +x

ra) = or().
The solution is
® = T'()ro
X = I'0)-T@ro)-'ray.
Replacing the theoretical moments by their empirical counterparts, we get the Yule-Walker esti-

mator for ® and X: PN
r(HIro)!

= T(0)— dT(0)P.

M) )

In general the Yule-Walker estimator for VAR(p) is given by the solution to the system of equations

Ty=x",&Th-j) h=1..p
L=T0)—&T(-1)—--—®,T(—p)

The Yule-Walker estimator and OLS estimator are asymptotically equivalent. In fact, they
yield very similar estimates even for finite samples. However, as in the univariate case, the Yule-
Walker estimator always delivers, in contrast to the least-square estimator, coefficient estimates
with the property det([, — Pz — e — &Dpzl’) # 0 for all z € € with |z| < 1. Thus, the
Yule-Walker estimator guarantees that the estimated VAR possesses a causal representation. This,
however, comes at the price that the Yule-Walker estimator has a larger small-sample bias than the
least-squares estimator, especially when the roots of ®(z) get close to the unit circle. Thus, it is

generally preferable to use the least-squares estimator in practice.
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11 Forecasting with VAR Models

For VAR(1) model, the forecast is
PrX7in = " X7.

Note that X714y = Zpyp + Zpip—1 +--- + <I>h_lZT+1 + ®" X 1. So the covariance matrix of

the forecast error is

E(X7qn — D" X7)Xpgn — D" X7) = = + TP + -+« + O Ix@h!
h—1
=) /xoY.
j=0

For example, for 7 = 1, the error is Z,, so the covariance matrix of the forecast error is X. For
h = 2, the covariance matrix of the forecast erroris ¥ + ®X &', etc.

The forecast for VAR(p) can be computed recursively, as in Section 3.1.1. For example, for
h = 1, the forecast is

PrXrs1 = ®1 X7 + ©o X714+ + O X741

with forecast error X741 — Pr X741 = Z, which has mean zero and covariance matrix X. For
h = 2 the forecast is

PrXri2 = (@7 +P2) X7+ (D1 D+ P3) X7 1+ -+ (D1 DPp1 +Pp) X742 p + (1 D) X7 41—
In general, we can write a VAR(p) process in its causal representation as

Xe=Z+WZ o+ W2 Zi 5+
Thus

Xron=Zryn +ViZrypa + Vo lrypp o+ +VpZr + V1 Zyiq + -+

The forecast for X7, would be

PrXrin =VhZr +VYni1Zi—y + -+
so that the forecast error is

etrror = Zrqp +WViZryp—1 + -+ Wh1Zr41.

The variance of the forecast error is thus
h—1
T4+ WDV e+ U DY, =) R

Jj=0
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11.1 Forecasting with Estimated Parameters

Note that in the above derivations we assumed that the true parameters are known. If we replace
the parameters by their estimates, then the forecast errors would increase:

Xrin—PrXrin = (Xron — PrXras) + <|PTXT+h — ﬁ|5TXT+h)
h—1
= Z ViZryn—j + ([PTXT+h - [PTXT+h) .
=0

The covariance matrix of the forecast errors would then be different as well. For example, for

h = 1and p = 1, the covariance matrix is

T
sily="T"5
T T
For h = 1 and general p the covariance matrix is
T
sy Py TPy
T T

(This is only an approximation as we applied asymptotic results to small samples)

11.2 Selecting the Order

The selection of order p for VAR models can also be based on information criteria like AIC, BIC
and HQC. We omit the formula here.

11.3 Evaluating the Forecasts

The forecasts can be evaluated by:

1. Root-mean-squared-error:

T+h

1 ~
7 Z(Xit — Xit)?.
T+1
2. Mean-absolute error:
1 T+h
7 D 1Xie = Xl
T+1
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12 Interpretation and Identification of VAR Models

12.1 Wiener-Granger Causality

Consider X; = (X1;, X2;)'. Denote the variance of the forecast error for X;; by vy (h), and denote
v1 (h) the variance of the forecast error for X;; when X5, is omitted from the model. According to

Granger, the second variable X5; causes or is causal for Xy, if
vy (h) < vy(h) for some h > 1,

i.e. the presence of { X5} helps in improving the forecast for { X1,}.
In the context of VAR(1) model, the one-period forecast is

Pr Xy, = PrXir+1) Xy — éu g2\ [ Xar
+1 = = =
PrXs,74+1 ¢21 ) \Xor

PrXir+1 = ouXir + ¢12Xor.

If ¢12 = O then the second variable does not contribute to the one-period forecast of the first

and so

variable. So the test for Granger-causality is a test about whether ¢, = 0. In general the one-

period forecast for VAR(p) models is
PrXire1 = ¢ Xir + 5 Xor + -+ 60 X1 r410p + 0P Xo 11

and so the test for Granger-causality is about whether ¢§12) = ... = {’2’) = 0. The hypothesis
can be tested using a Wald test (F'-test). In the context of a VAR(1) model a simple 7-test is also

possible.

12.2 Structural and Reduced Form

We follow the notations used in [ ]. The notation is meant to be general and inclusive, as it
involved two structural matrices A and B.
Structural form of SVAR:

AX; =T X1+ +T,Xi—p + BV,

where the diagonals of A and B are normalized to 1s (by normalization we mean divide every row
by the diagonal element) and V; ~ WN(0, 2) with 2 being a diagonal matrix. The reduced form

1S
X, =A'1 X1+ + AT, X, + AT'BYV,
= qDlXt_l + e + chXt—p + Zl'
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The relationship between the structural shocks V; and the reduced form disturbances is gicen by
Z, = A"'BYV,.
The covariance matrix of X, the one that we can directly estimate, is
X =A"'BQB'A™". (11)

The identification problem is to infer A, B and €2 from estimation of X. The first step is to assume
that €2 is diagonal, or is the identity matrix. This corresponds to the assumption that the structural
shocks are orthogonal.

Let’s take n = 2 as example. Assume for simplicity A = I, (We can always do so. For
example we can let B* = A~! B and then normalize the diagonal of B* to 1s. Then Z;, = B*V;,
and ¥ = B*QB*) We can write out the equation ¥ = BQB":

0'12 012 _ 1 b12 (,()12 0 1 b21
021 0'22 b21 1 0 w% b12 1

2 p2 2 2 2

| o + b0 bawf + baw;

- 2 2 2 2 2
briwi + biaw; b3 07 + w5

This gives the following system of equation
of = i +bjw3

O1p = bzl(x)% + b%z(,()g (12)

2 _ 12 .2 2
0y = by 07 + w3.

‘We have four unknowns {blz, b1, a)lz, a)g} and three equations, so we see from here that we
need one additional identification assumption.

12.3 Short-Run Restrictions

Short-run restrictions are essentially restrictions on the coefficients of A and/or B. [ ] pro-
posed a simple recursive scheme. The assumption is that B is a lower triangular matrix, so that
b1 = 0. This is compatible with the Cholesky decomposition of X. The theorem says that

Let A be a Hermitian positive-definite matrix. Then
A=LDL*
where L is lower triangular with ones on the diagonal and D is a diagonal matrix.
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1 0\ (Vv
AsZ; = BV, = ). we have
by 1] \Vy

th = Vlz
Zyt = b1 Vie + Var.

The Interpretation is that Vj, is the only structural shock which has an effect on X, in period ¢.
All other shocks have no contemporaneous effect (think about e.g. a monetary shock cannot have
immediate effect on output due to sticky prices) Since Z;, = Vj, we have 62 = w? so that we
solved a)lz. The second variable X5, is affected by {Vi;, V2,} (if n > 2 then we are saying X,
is only affected by the two shocks and not by Vi, ..., V,;). We have Z,; = by Vi + Vay s0
021 = Cov(Zyy, Z1:) = boy a)f +0 = bZIa)f (note the orthogonality assumption also enters here)

From this we can derive b,; and then w2 from 05 = Cov(Zy, Za;) = w3 + b3 w?.

12.4 Interpretation of SVAR Models

12.4.1 Impulse Response Functions

After we have identified the model, it is now possible to compute the impulse response functions
of the structural shocks. Recall Z; = A~! B and so

Xe=Z+WZi 1+ V2 5+
=A'BV, + WA 'BV,_; + WA !BV, + -

And so the effect of the j-th structural disturbance (V) on the i-th variable (X ;) after & periods
is the (i, j) element of the matrix W, A~! B (i is the row, manifesting to which variable in X, we

address to, and j points to V;):
0Xit+h

— -1
o [V, A7 B]

ij -

12.4.2 Forecast Error Variance Decomposition (FEVD)

After we have identified the model, it is also possible to calculate how much forecast variances
that each structural shock contribute to. A concrete statement is: we get error in forecasting Xj;
(for example this variable can be output), and the variance of the error is v(4). How much is the
variance of the first structural shock Vi, (namely w?) contribute to v(h)? How much is the variance
of the second structural shock V,; (namely a)22) contribute to v(h)? etc. This gives us a hint as to
which shock gives rise to the most unexpected movements of the variable of interest.

Recall that the covariance matrix of the forecast error is

h—1
MSE(h) =) ¥;SW.
j=0
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Since by Eq. (11) ¥ = A™'BQB’A’™!, we have
h—1 h—1
/o —1 1 A—1.\14/
DWW =3 WAT'BQB ATV,
j=0 j=0

For example, for 4 = 1, and assume A = [ and 2 = I, the equation is

> = BB'.
The diagonal of M SE (h) is the variances of the forecast error for variables X1, ..., X,;. Expand-
ing the right, each diagonal element of M SE (h) should be a linear combination of {w?, ..., w2}.

h _ () 2 ) 2
my; =dy oy + -+ dy, o,

where ml(f’) is the i -th diagonal element of M SE (h). Now divide ml(f’) = V(forecast error for X;)
by each component in the sum. We then get what is the proportion of V(V;;) = a)j2 in the error

variance for each structural shock j = 1,...,n.

12.5 Long-Run Restrictions

Instead of restricting some coefficients of A and/or B to be zero, we can use long-run restrictions.
Long-run restrictions constrain the long-run effect of structural shocks. Note that the technique
only makes sense if some integrated variables are involved, because in the stationary case the
effects of all shocks vanish eventually.

The technique was first proposed by [ ] and we replicate the example in the paper. They
analyzed a two-variable system consisting of logged real GDP denoted by {Y;} and the unemploy-
ment rate {U, }. Logged GDP is typically integrated of order one, whereas {U, } is considered to be
stationary. Thus we can apply the VAR approach to the stationary process {X;} = {(AY;, U;)’'}.
Assuming that { X, } is already demeaned and follows a causal VAR process, we have the following

representations

AY.

X, = < Ut) =0 X, 4+ DX, + Z,
t

=VL)Z, =Z, +WZi 1+ V2 Z; 5+

For simplicity we assume A = [, so that

7. — BV, = 1 b1z Udt
' i bxy 1 Ust

where V; = (var,ve) ~ WN(0, Q) with Q = diag(w3, ). Thereby {vg} and {vy} denote
demand and supply shocks respectively. A demand shock in period ¢ on GDP growth in period

t+his
aAYt+h

avdt

= [ B]11.
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As Y, ypcanbe writtenas Y;1, = AY, 4+ AY i 4pn—1+---+ AY; 41 + Y;, the effect of the demand
shock on the level of logged GDP is

8%, h h
avt: = Z[‘I’J'B]n = Z‘PJBH
r o j=o0 j=0

11

[ ] propose that the long-run effect of the demand shock on the level of logged GDP should

be zero:
o0

)
1 = V. Bl;; = 0.
thc}o Jvar ;[ i Bl

This implies
> > 1 b 0
Y=Y |B=w 2 (Y ).
; ; b21 1 ko ok
j=0 j=0
This restriction is sufficient to infer b,; from the relation [W(1)]y1 - 1 4 b2 [¥(1)]12 = O:
EAZCY) P OO I 1Y
[W(D]12 [@(D)~ 12

The long-run effect of the supply shock is left unrestricted and is therefore nonzero in general.

21 =

Note that b,; depends on ®(1), and thus on @, ..., ®,. The results are therefore more sensitive
to specifications of the VAR model.

After we have derived b, 1, we have three unknowns {b1,, wfl, w?} and three equations (Eq. (12))
so we can then solve for the unknowns.

12.5.1 The General Approach

The general case of long-run restrictions has a structure similar to the case of short-run restrictions.

Recall our structural model
AX[:FlXt_1+"'+Fle_p+BVt, I/INWN(O,Q).

We can write A(L)X; = BV, where A(L) = A—TI1L —---—T,L?. The reduced form is
SL)X;, = Z;, Z, ~ WN(0, X). As can be seen from the relation X; = ®(L)~!Z;, the long-run

variance is

J =V(X,) = d(1)'Te() = w()zw(). (13)

We can the substitute ¥ by A"'BQB’A " in Eq. (13) to get
J = (cb(l)—lA—lB)Q(B/A’—lcp(l)—l’) = (\y(l)A—lB)sz(B/A’—lxpa)/).
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We’d like to identify A, B and 2 from the estimation J . The identification is through zero re-
strictions on some elements of W(1)A~' B, or ®(1)"' A~! B. Setting the ij -th element [¥ (1) A~! B];;
to zero amounts to set the cumulative effect of the j-th disturbance of the j-th structural distur-
bance V;; on the i -th variable equal to zero. If the i -th variable enters X in first differences, as was
the case in [ ], this zero restriction restrains the long-run effect on the level of that variable.

One case is to assume A = [, and W(1)B is lower triangular. In this case B and €2 can be
estimated from the Cholesky decomposition of the estimated long-run variance J.Let] =LDL
be the Cholesky decomposition. We can write this as

DL
= o) (dMLO™) (0DT) (071 L'dy) ()™

Il
~

J

AsJ = &(1)"'BQB'®(1)"" we can estimate B as (<i>(1)£0‘1> and Q as (015(7) The matrix
U = diag(é(l)lﬁ) is used to assure the normalization of the diagonal of Btol.

In the above we used the method of moments approach, i.e. we used the long-run variance J
(second moment) to estimate the parameters. Another approach is instrumental variable (IV). As

for this example, we write the reduced form as
AX, = =D X, + QIAX,  + -+ Dp 1 AX, i1 + Zo,

where 5,- = — {)=j+1 ®;,,j—1,2,...,p—1. Assume B = [, sothat AZ, = V,. Multiply
the above equation by A:

AAX, = —AD()X, + ADAX,  + -4+ AD, | AX:_pi1 + Vi (14)

Now assume A®(1) is lower triangular, so that [A®(1)]"! is upper triangular. Recall that the
long-run variance in this case is

J = (CD(I)_IA_I)Q(CD(I)_IA_I)/

-1 -1
= [ACIJ(I)] Q{ACD(I)]

and so this amounts to saying that the structural shocks {V5;,..., V,;} have no long-run impact
on the first variable X,. It is therefore possible to estimate the coefficients {415, ..., Ay, } using
X24-1,..., Xpr—1 as instruments.

For the n = 2 case Eq. (14) is

I A\ (AXy) _ ([AP(D]n 0 X101 [V
Ay 1 J\AXy ) \[A2(D]ar [AP(D]2 ) \ X Var )
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Multiply this out:

Ain =—A; - [AqD(l)]llX'l,z—l + Vi
= _AZIAXU — [AqD(l)]Zle,t—l - [Aq)(l)]zziz,z—l + Var.

Thereby AX 1z and AJ?Z, denote the OLS residuals from a regression of A X, and AX,; on
{AXI,I—Ia AXpi1, o, AX 1 —pt1, AXz,t—p+1} .

We see that X 2.t—1 1s a valid instrument for (relevance is from the second equation, and
exclusion restriction is from the fact that it does not appear in the first equation). Thus we can
estimate A1, using the IV approach. For the estimation of A,;, we can use the residuals from the

first equation as instruments because Vi, and V,; are assumed to be uncorrelated.
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13 Appendix

e vec operator: stack columns of a matrix A on top of each other:

VCC(A) = [all,...,aml,alz,...,amz,...,aln,...,amn]T.

ST o Q

For example, for A = (a

b D
d) , the vectorization is vec(A4) =
c

d

e Kronecker product: if A is an m x n matrix and B is a p X g matrix, then the Kronecker

product A ® B is the mp x nq block matrix:

ClllB alnB
A® B = : :
amB -+ amnB
Example:
! 05 5 05 1-0 1-5 2-0 2-5 0 5 0
12®05_ 6 7 6 7) 16 1-7 2.6 2-7| |6 7 12
3 4 67_305405_3-03-540 o 15 0
6 7 6 7 3-6 3-7 4:-6 4.7 18 21 24

e Property:
vec(ABC) = (CT ® A)vec(B).
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